A Rota-Baxter operator defined on the polynomial algebra is called monomial if it maps each monomial to a monomial with some coefficient. We classify monomial Rota-Baxter operators defined on the algebra of polynomials in one variable without constant term. We also describe injective monomial Rota-Baxter operators of nonzero weight on the algebra of polynomials in several variables without constant term.
Introduction
A linear operator R defined on a (non-asssociative, in general) algebra A over a field k is called a Rota-Baxter operator (RB-operator), if the following relation R(x)R(y) = R(R(x)y + xR(y) + λxy) (1) holds for all x, y ∈ A. Here λ is a fixed constant from k called a weight of R. An algebra equipped with a Rota-Baxter operator is called a Rota-Baxter algebra. G. Baxter introduced the notion of a Rota-Baxter operator in 1960 [3] as a natural generalization of integration by parts formula for the integral operator. Further, many authors including G.-C. Rota, P. Cartier, L. Guo have studied RB-operators, see details in [6, 5] . There are deep connections of Rota-Baxter algebras with mathematical physics, number theory, operad theory, combinatorics, and others.
One of the directions in the theory of Rota-Baxter operators is to study RB-operators on polynomials [8, 11] and power series [7, 10] . Since both algebras are infinitedimensional, the classification of all RB-operators on them seems to be a hard problem. Thus, RB-operators of special kind were introduced into consideration. One of such special RB-operators is the class of monomial RB-operators [8] , i.e., such RB-operators that map every monomial to some monomial with (maybe, zero) coefficient. L. Guo, M. Rosenkranz, and S.H. Zheng in 2015 described all injective monomial RB-operators of weight zero on k[x]. In 2016 [11] , H. Yu classified all monomial RB-operators of any weight on k [x] .
In the study of RB-operators, the presence of the multiplicative identity (unit) in the algebra is a crucial condition. As shown in [5] , RB-operators on a unital algebra subject to various additional restrictions in comparison with non-unital algebras.
In the present paper, we classify all monomial RB-operators of weight zero (Theorem 1) and nonzero weight (Theorem 2) on k * [x], the free commutative non-unital algebra generated by x. We obtain the complete classification of H. Yu as a corollary (Corollaries 2 and 3). Further, we describe injective monomial RB-operators of nonzero weight on both k * [X] (Theorem 3) and k[X] (Corollary 4). Connected to the last results, a partial grading on a finite-dimensional algebra by the spectrum of its RB-operator (Propositions 2 and 3) is stated. The analogous grading in the case of derivations and automorphisms is well-known [9] .
Throughout the work, we assume that a ground field k has characteristic zero.
Preliminaries
Let us start with some basic properties of Rota-Baxter operators. Lemma 1 [6, 4] . Let A be an algebra and let P be an RB-operator of weight λ on A.
a) The operator λ −1 P is an RB-operator of weight 1 provided that λ = 0, b) Given an automorphism ψ ∈ Aut(A), the operator ψ −1 P ψ is an RB-operator of weight λ on A.
Lemma 2 [6] . Let an algebra A split as a vector space into a direct sum of two subalgebras A 1 and A 2 . An operator P defined as P (a 1 + a 2 ) = −λa 2 , a 1 ∈ A 1 , a 2 ∈ A 2 , is an RB-operator of weight λ on A.
We call an RB-operator from Lemma 1 as splitting RB-operator with subalgebras A 1 and A 2 .
Lemma 3 [6, 4] . Let A be a unital algebra and let P be an RB-operator of weight λ on A.
a) If λ = 0 and P (1) ∈ k, then P (1) ∈ {0, −λ} and P is splitting. b) If λ = 0 and P (x) ∈ k, then P (x) = 0. Let R be an RB-operator of weight λ on an algebra A. Then Im(R) is a subalgebra of A. If λ = 0, then ker(R) is also a subalgebra of A. If λ = 0, then ker(R) is an Im(R)-module.
For λ = 0, the relation
holds in an associative RB-algebra as a direct consequence of (1). In particular, when RB-algebra is commutative, λ = 0, and
From now, we focus on RB-operators defined on either polynomial algebra or on free commutative non-unital algebras, i.e., polynomials without constant term.
Example 1 [6] . The linear map P defined on k[x] by the formula J a (x n ) = x n+1 −a n+1 n+1 , where a is a fixed element from k, is an RB-operator of weight zero on k[x].
Given an algebra A and an element r ∈ A, denote by l r the linear operator on A defined by l r (x) = rx, x ∈ A.
Example 2 [8] . Let A be a commutative algebra, r be an element from A and R be an RB-operator of weight zero on A. Then the linear map R • l r is again an RB-operator of weight zero on A. Here • denotes the composition of operators.
Thus, the linear operator P = J a • l x k acting on k[x] as P (
is the RB-operator of weight zero.
Given an algebra A, it is known that every solution r = a i ⊗ b i ∈ A ⊗ A of the associative Yang-Baxter equation of weight λ (AYBE) [12, 2] r 13 r 12 − r 12 r 23 + r 23 r 13 = λr 13 (4) gives rise to an RB-operator of weight −λ on A [1, 2] defined by the formula
In (4),
α ij x i ⊗ x j be a solution of (4), so we have
Consider maximal N such that α N j = 0 for some j. If N > 0, then the left-hand side of (6) is nonzero because of the summand α 2 N j x 2N ⊗ x j ⊗ x j from the first sum. Analogously we may consider maximal M such that α iM = 0 for some i. So, the only possible solution is a tensor q(1 ⊗ 1). It is easy to get that either q = λ or q = 0. Corollary 1. The only nonzero solution of AYBE of weight λ = 0 on k[X] is λ(1⊗1). Given a nonempty set X, by k * [X] we denote the free commutative algebra generated by X. By the formula (5), we get only trivial RB-operators on k[X] and k * [X].
Monomial RB-operators of weight zero on k * [x]
A linear operator R defined on k[x] (k * [x]) is called monomial if for all n we have R(x n ) = α n x tn for some α n ∈ k and t n ∈ N (t n ∈ N >0 ).
Theorem 1. Given a nonzero monomial RB-operator R on k * [x], there exist positive m ∈ N, nonnegative p 0 , . . . , p m−1 ∈ N and some q 0 , . . . , q m−1 ∈ k such that p i = 0 if and only if q i = 0, and R is defined by the following formula
where a ∈ N and
Proof of Lemma 4. Since by (1) ker(R) is an Im(R)-module, x mc+b ∈ ker(R) for all c ≥ a + N. Assume there exists c such that R(x mc+b ) = αx mt and α = 0. Then by (3), we get
We obtain a contradiction when k ≥ a + N + 1.
Here α a are some nonzero elements from k.
Proof of Lemma 5. First, we state Lemma 5 for all a ≥ N. Since x ma ∈ Im(R), we may find such k ≥ 0 that R(x k ) = γx ma for some γ = 0. Then
Then we have found such k < l and δ = 0 that x mk+b + δx ml+b ∈ ker(R). Multiplying, if necessary, this element by x mc ∈ Im(R) for c ≥ N, we may assume k ≥ N. But for such degrees we have already proved that
We may rewrite each positive natural number n as n = ma + b for m ≥ 0 and
is equivalent to the following
By Lemma 4, it is reasonable to study only the cases when
by induction on n. We have got the base case n = 1. Suppose this equality holds for all natural numbers less or equal to n. Inserting in (8), a = 0, c = np b , and b ′ = b, we have
Applying the induction hypothesis, we obtain
Further, let us state that γ a,b = γ 0,b for all a. By (3) applied for x ma+b , we get
Choosing k = p b , we conclude by the above property that γ a,b = γ 0,b . Finally, define q b = mγ 0,b for all 0 < b ≤ m. We see that q b = 0 if and only if p b = 0 by the definition. It remains to check that the linear operator R obtained is an RB-operator of weight 0 on k * [x].
Example 3. The linear map R on k * [x] defined as R(x n ) = x n n is an RB-operator of weight zero. It is easy to see that R is invertible and so d = R −1 is a derivation on k * [x] with d(x n ) = nx n . Hence, the restriction of the RB-operator R from Example 1 to k * [x] equals d −1 • x.
Corollary 2 [11] . Given a nonzero monomial RB-operator R on k[x], there exist positive m ∈ N, nonnegative p 1 , . . . , p m ∈ N and some q 1 , . . . , q m ∈ k such that p i = 0 if and only if q i = 0, and R is defined by
where a ∈ N and 0 ≤ b < m.
Proof. By Lemma 3b, 1 ∈ Im(R), so x is R-invariant. We may apply Theorem 1. Let R be an RB-operator of nonzero weight λ on an algebra A. By Lemma 1a, we may assume that λ = 1.
Theorem 2. Let R be a monomial RB-operator of weight 1 on k * [x]. Then there exists α ∈ k such that (α + 1) n = α n for all n ≥ 1 and
Proof. Trivial RB-operators on k * [x] are monomial ones and they correspond to the cases α = 0 and α = −1 in (10) . Suppose that R is a nontrivial monomial RB-operator of weight 1 on k * [x]. Case 1. Assume that R is injective, it means that ker(R) = (0). Suppose that there exists a monomial x n such that R(x n ) = αx m for n = m. Since R is injective, α = 0. Then α 2 x 2m = R(x n )R(x n ) = 2αR(x n+m ) + R(x 2n ).
Since n + m = 2n, the kernel of R is nonzero, a contradiction. We have R(x) = α 1 x, define α = α 1 . Let us state the formula (10) by induction on n. For n = 1, we are done. Suppose that (10) is proved for all numbers less than n. Then
Thus, . Denote t = kN and consider x s such that R(x s ) = ax mt , a = 0. It is known that ker(R) is an ideal in Im(R + id), i.e., x ps+qmt ∈ ker(R) for all p, q ≥ 1. Then R(x s )R(x s ) = a 2 x 2mt = R(x 2s ) and, analogously, R(x smt ) = a mt x m 2 t 2 . We have x smt ∈ ker(R), so a = 0, a contradiction.
Case 2b. Suppose that ker(R) does not contain a monomial. Since R is monomial, ker(R) is nonzero only if there exist such p = s that R(x p ) = ax mt and R(x s ) = bx mt for some t ≥ 1 and a, b = 0. We have
. By induction, we may prove that R(x pk ) = α pk x mtk for all k ≥ 1. Analogously, R(x sk ) = α sk x mtk for all k ≥ 1. Let us note that simultaneously R(x ps ) = α ps x mts and R(x ps ) = α ps x mtp . We arrive at a contradiction since p = s.
Corollary 3 [11] . Up to conjugation with an automorphism of k[x], each nontrivial monomial RB-operator on k[x] of nonzero weight is splitting with subalgebras k and x .
Proof. Let R be a nontrivial monomial RB-operator of weight 1 on k[x]. Let R(1) = αx k and suppose that k > 0 and α = 0. Then by (1),
a contradiction to the monomiality condition.
Thus, R(1) ∈ k, i.e., R(1) ∈ {0, −1}, and R is splitting by Lemma 3a. Since R is nontrivial, both ker(R) and Im(R) are nonzero. Hence, Im(R) has a basis of monomials and R acts on Im(R) as the operator −id.
α n (α + 1) n − α n x n , n > 0, for some α such that the denominator is nonzero for all n. If α = 0, then we have either trivial RB-operator (when R(1) = 0) or the splitting one with subalgebras k and x (when R(1) = −1).
If α = 0, then since R acts on Im(R) as the operator −id, we get α = −1 and R(x n ) = −x n for all n > 0. Again, we have either trivial RB-operator (when R(1) = −1) or the splitting one with subalgebras k and x (when R(1) = 0).
Let us show that R(1) = −1. Indeed, suppose that R(1) = 0 and there exists such k > 0 that R(x k ) = α1 for some α ∈ k. Since ker(R) ✁ Im(R + id), we have x k ∈ ker(R) and so, α = 0. Thus, x is R-invariant, a contradiction.
Consider R(x). If R(x) = −x, then ker(R + id) = k[x] and R is trivial. If R(x) = 0, then R is splitting with subalgebras k and x . Assume that R(x) = αx k for some α = 0 and k > 0, and moreover, R(x) = −x. From the last condition, we get k > 1. If ker(R) contains a monomial x t , then x tk ∈ ker(R) ∩ Im(R) = (0), a contradiction. Since R(x k ) = −x k , we may repeat arguments from Case 2b from the proof of Theorem 2 to get a contradiction.
It remains to study the case when R(x) = α1 for α = 0. Here let us assume that the weight of the RB-operator R equals −1 (we may do it by Lemma 1a). Then it is easy to show by induction on n that the equality R(x) = α1 implies R(x n ) = α n 1 for all n ≥ 1. Define the automorphism ϕ : x n → x n /α n of k[x]. Then the RB-operator R ′ = ϕ −1 Rϕ (we apply Lemma 1b) acts on all monomials as follows R ′ (x n ) = 1 and R ′ is splitting with subalgebras Im(R ′ ) = k and ker(R ′ ) = x − 1 . Define ψ ∈ Aut(k[x]) as ψ : x → x − 1. Note that ψ −1 R ′ ψ is the splitting RB-operator with subalgebras k and x .
Monomial RB-operators of nonzero weight on k * [X]
Example 4. Let R be a splitting RB-operator on k * [x, y] with subalgebras k * [x] and y . Then R is monomial.
Theorem 3. Let R be an injective monomial RB-operator of weight 1 on k * [x 1 , . . ., x n ], then there exist nonzero α 1 , . . . , α n ∈ k such that
for all i 1 , . . . , i n ∈ N, i 2 1 + . . . + i 2 n > 0. Moreover, all denominators are nonzero. Proof. First, suppose that there exists a monomial w = x i 1 1 . . . x in n such that R(w) = αw ′ with w ′ = w. Then
Since ww ′ = w 2 , the kernel of R is nonzero, a contradiction.
Define scalars α i ∈ k \ {0} such that R(x i ) = α i x i . Let us prove the formula (12) for a monomial w by induction on the degree deg(w). Given a monomial w from k * [x 1 , . . . , x n ], denote by α(w) the coefficient at w in the right-hand side of (12) . For deg(w) = 1, (12) follows from the definition of α i .
Suppose that we have proved (12) for all monomials of degree not greater than d. Let w = w ′ x j be a monomial of degree d + 1 for
we are done. Proof. Suppose that R(1) ∈ k, i.e., R(1) = αx i 1 1 . . . x in n with α = 0. Then, analogous to (11) , we get R(x i 1 1 . . . x in n ) = (1/2)x i 1 1 . . . x in n (αx i 1 1 . . . x in n − 1) is not a monomial, a contradiction. Thus, R(1) = −1 and R is splitting.
Since ker(R) = (0), the ideal k * [x 1 , . . . , x n ] is R-invariant. We may apply Theorem 3. Since R acts on Im(R) as −id, we derive that α 1 = . . . = α n = −1. Thus, R = −id. Corollary is proved.
We should say that a direct analogue of Theorem 3 does not hold in the case of RB-operators of weight zero. By Example 2, we have a collection 
where i 1 , . . . , i n ∈ N, i 2 1 + . . . + i 2 n > 0. Then R is an injective monomial RB-operator of weight 0 on k * [x 1 , . . . , x n ].
It is well-known that for a given finite-dimensional algebra A we have a grading on A by the spectrum of its derivation or automorphism [9] . At the end of this work let us state an analogous result for RB-operators, which is connected to the formulas (12) and (13).
For nonzero scalars λ, µ ∈ k, put
Note that the partially defined operation • on k * is commutative and associative in the sense that the equality
holds when all four involved products are defined. Example 6. The set R >0 of all positive real numbers under the product • is a semigroup. Moreover, it is isomorphic to the semigroup R >1 , · . Indeed, define ϕ : R >0 → R >1 as ϕ(x) = 1 + 1/x. It is a bijection and ϕ(x • y) = 1 +
x + y + 1 xy
Given a finite-dimensional algebra A over an algebraically closed field k and an RBoperator R of weight 1 on A, consider the generalized eigenvalue decomposition
Proposition 2. Let A be a finite-dimensional algebra over an algebraically closed field k and let R be an RB-operator of weight 1 on A. Let λ, µ ∈ Spec(R) be such that λ, µ = 0. Then either A λ A µ = (0), when λ + µ = −1 or λ • µ ∈ Spec(R), or A λ A µ ⊂ A λ•µ , otherwise.
Proof 
If λ + µ = −1, then uv = 0 since all other products in (15) are zero by induction. Otherwise, we conclude that (λ + µ + 1)(R − λ • µid)(uv) ∈ A λ•µ , i.e., uv ∈ A λ•µ . Proposition is proved. Now, let us proceed to the case of weight zero. For nonzero scalars λ, µ ∈ k, put λ * µ = λµ λ+µ , λ = −µ, not defined, otherwise.
The operation * on k * is again commutative and associative, i.e.,
holds when all products involved are defined. Example 7. The set R >0 of all positive real numbers under the product • is a semigroup, and it is isomorphic to the semigroup R >0 , + . Indeed, define ϕ : R >0 → R >0 as ϕ(x) = 1/x. It is a bijection and ϕ(x * y) = x+y xy = 1 x + 1 y = ϕ(x) + ϕ(y). We again consider the generalized eigenvalue decomposition (14) of an algebra A by an RB-operator R of weight zero.
Proposition 3. Let A be a finite-dimensional algebra over an algebraically closed field k and let R be an RB-operator of weight 0 on A. Let λ, µ ∈ Spec(R) be such that λ, µ = 0. Then either A λ A µ = (0), when λ = −µ or λ * µ ∈ Spec(R), or A λ A µ ⊂ A λ * µ , otherwise.
Proof. Analogous to the proof of Proposition 2.
